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ABSTRACT: The purpose of this paper is to set out the fundamental concepts, 
definitions and laws of continuum mechanics applying for non-homogenous systems 
of rock, water and gas. In this treatise all scalar, vector and tensor fields 
are multiplied, as multiplied the number or the phases. On the basis of these 
simultaneous field concept the equations of change for mass, momentum and energy 
are presented. 

RESUME : L'objectif de cet article est d'etablir les fondements du mode d'expo
se des mouvements simultanes des systemes non homogenes de composants continus 
des sol ides et des liquides. Dans notre description, tous les champs scalaires, 
vectoriels et tensoriels se multiplient en fonction des nombres de phases. Nous 
avons introduit les equations de compatibilite, les equations des mouvements et 
les equations de l'energie sur la base de la theorie des fonctions spatiales. 

RESUHEN : El objetivo de esta comunicaci6nes establecer los conceptos fundamen
tales, definiciones y !eyes, relatives a los movimientos simultaneos en siste
mas no homogeneos de roca, agua y gas. En esta descripci6n, todas las magnitudes, 
ya sean escalares, vectoriales o tensoriales, quedan multiplicadas por el nume
ro de fases. Sobre la base de la teoria de funciones espaciales hemos introducido 
ecuaciones de compatibilidad, del movimiento, y de transferencia de masas y ener
gia. 
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'rhe need to investigate the mechanical properties of rock has 
especially stimulated research in a field where interactions 
occur between the solid rock and a fluid phase: water or gas. 
This paper sets out a new mathematical foundation of the mecha
nical behaviour of rock with water or gas in its pores. It does 
not attempt to give direct solutions for mining or engineering 
problems. We wish this pa.per could be a preliminary condition 
for the later a.pplica.tions. 

The base of this work is the apparatus of continuum mechanics. 
Our funds.mental assumption is that the multicomponent solid
-fluid system can be considered as a complex continuum. The de
tailed fine structure of the rock and the fluid in its pores 
can be replaced by a continuous model of matter ha.ving to some 
extent continuum properties. The essential mathematica.l idea. of 
continuum model is that the real properties of matter are subs
tituted by continuously distributed field functions of these 
properties for exemple: density, stress, strain, displacement, 
gravity force etc. These physical fields are multiplied simul
taneously for multicomponent mechanical systems a.s they follow: 

9s = q s /r,t/ qF = ~F /r,t/ ~G = ~ G /r, t/ 

- - 1r,tl - - /r,t/ - - /r,t/ V3 = V3 VF = VF VG = VG 

[s = [s /r,t/ [p = [p /r,t/ !G = [G /r, t/ 

The indices s, F and G ref'er to the solid, liquid and the gas 
phases. Like the density, velocity and stress similar multipli
cation is obtained for other scalar, vector a.nd tensor fields. 
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Thus the material derivatives are also multiplied: 

d •• a •• 
+ /v8 V / ••• = 

dts '3t 

d.• 8 •• 
/vF "v I ... = + 

dtF at 
d d .. /vGV I ••. = + 

dtG 'd t 

Assuming that the pores can be ignored ·individually it is con
venient to imagine the infinitesimal volume of the complex con
tinuum containing many pores to interpret a scalar field of po
rosity by definition 

..+. ~ dVpore 
':t' /r,t/ = ---------- • 

dV 

If ~ /r,t/ is a continuous field and the pores are filled per
fectly with liquid and gas, we get for the infini tesima.l volu
me 

Let the amount of the pore volume filled with fluid o<F and 
with gas CXG• Thus we get the following expression: 

dV = /1 - ~ / dV + o(F c} dV + o< G cp dV 

Naturally: 
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Let V = V/t/ denote an a.rbitra.ry ma.terial volume of rock with 
fluid and gas in its pores. The mass of the matter in this ma
terial volume does not change as V moves. This is the princip
le of conservation of mass, which ca.n be express by the equa
tion: 

d 

dt 
f t /l - cl> / ~ S + OC F~ ~ F + 0( G ~~ G 1 dV = o. 

V/t/ 

The substantial time derivative of the total amo\lllt of mass 
will be separated to local and convective terms 

f l /l - ½> / '? s + 0( F q, ~ F + 0( G g? ~ G 1 dV + 

V 

+ f[ /l - q> /~ SvS + o<F~~ F vF + o<aiq_G-;G1 
/A/ 

.. 
dA = 0, 

in which the first integral is taken through the control volu
me V and the second integral is taken over the closed surface 
/A/, bounding v. The first integral represents a time rate of 
accumulation of mass within the control volume, the second is 
the algebraic excess of the outflux of ma.as through the cont
rol surface over the influx of mass. The principle of conser
vation of mass is valid for both the rock, the fluid and the 
ga.s separately: 

V /A/ 
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j2- /exp~~ FI dV + f ot. F <!? ~ F -;F a1. = o 
'at. 

V /A/ 

dV 1- f o<'.c·4> ~ G -;G 

/A/ 

-dA = 0 

'rhi,'. sc,;·l"r int'c',:;-l't,1 <::'.;u•;tions cnn be replrced by their diffe

reni;i·1l f-,r1:1~.i. :,ince V ::~; ,,rbi-;;r,;r_v 

'oc)t [ /1 - cp / ~ S 1 + di V [ /1 - 4' / ~ S ~ S = 0 

-a 
/ex, F½~i;J div / o<. p4' ~ F -;p/ 0 + = -at 

c) 
/o<G~ ~ c1 ~ ii.iv / o< G ~ ~ G -;G/ 0 - = 

at 

Th~ equr:.ticn'.1 9re vr,.lid ignnring the interphar;e !!'"lf'!S tr2nsport. 

Otherw:i.se s0urce terms muic,t, bt'l ,"'ccured on the right side of 

thA enu?.'!.ion::i. If ~ "' 0 we get the continuity e 11u,,tion for 

hc-mogeneous rr-ck. If I\> "' 1 on<'l CX E' = l thP. second enu'3-

tion 'turn::; to the continuity P,(JU':ltion fer pure fluids. Pinal

l:1 the cp = 1, 0( G = 1 ea.re re.Ce!':: tc ,:i:::--e grHier;. 

v:e conaide.r now the dynsmics of the m,·tion. ThP. funclc:mental 

principle of the d.yna.'11icc1 the L•,v of ccnserv'ltion :;f momentum. 

Afl it :i.s 1':nmvn this statement means thr:t the r<ete ::if change of 

m0mentum of a m'lterial vc,lurn.P, V er;ur,J s the resuTtrint forr.e on 

thP, volttm". 
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'!'he momentum ,,i" the infinitesim<-J v:iJ.ume of 1 he conplex c0nti
nuum ir., 

Itr; rcite o"': chn.nge exp3nding to the whole V'>lur:ie V is 

d 

dt 

V 

/[ 11 - <p/9 s 7s + cx.F~~F vP '- o<G4>'?G ~Gl d.V"' 

V 

.._ f [ 11 - <I> 1 g s + o< F ½ r p ~ °' G ii? r G 1 dA • 
/A/ 

-Here g is the extrenecus force per unit mass. We t-icitl:, 
a.ssume tha.t the force g i3 e kno'l/n function oi' position and 
time. We also adopt the stres3 principle of c~uchy, which sta

tes th::i.t upon any surface exist g distribution of the surface 

forces depending at any given time on the pr-~ition -,nd the ori
entation of the surface. This relation between the stress vec--tor f a.nd the direction of the surfgce e1emont can be expres-

sed by the stress tensor~ qs 

- -f = F dA • 

Applying Gauss' divergence theorem, nince the v,:,lume V is ::lr

bi tra.ry it follows that 
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= 

This equation of motion is va.lid for eny complex continuum, 

regardless of the form of the stress tensor and other perticu

la.r properties o:f the materia.1 may take. This equation can't 

be reduced to three independent vector equa.tion referring to 
the solid, li~uid and the gas component. This is impossible 

in consequence of the interphase momentum transport. If we se

par'3.te the terms referring to the rock, weter and gas compo

nent, n 11 ether:.: cs.n be reg'·).rded a.s the interacting forces bet

v,een the dif:ferent pheses. 'Phus we get 

Thi? is the e,1u::iti0n of m0tion for the solid component of the -ccm!'lex continuum, where k,.. ir: the inter'3cting force between 
,) 

t. hr~ '. lid t:;n:1 +he 0thP"'.' +,,. .... , 
.., •V ·• c.::-r:1ponent~. Simi1.arl~r we can obtain 

thr,t -
o<;.,'t>~? 

dvF 
0(. pi? Fcp gr' I 0( F 4> E p/ 

... 
= ... Div + kF 

,.it p 

en.:~ --
O(G~ ~ G 

ave 
cxc4>~c 1r, /0< c4>Ec1 -= -' Div + kG • 

dtG 
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Now we h9.Ve nine further scelar P.'J_Uations, but there 2re three 
unknown extraneous forces in them. To obtain ony solution we 
must postulate any Bimplified relationship for the unl<novm -force k. Furthermore it is a.pproxiwitely true that certain 
terms of the equations are negligible depending on the accom
panying circumstances. For exemple the density of the gcis phase 
is negligible compared with the fluid or the rock. In other 
hand the effect of tangential stresses is small in many prac
tical cases for fluids, expecially for gases, however □nd 

therefore it is not unreasonable to consider the idealized si
tuation in which the tgngential stresses are neglected. Thus we 
get 

F 
=F = - Pp I 

and 

F = - PG I =G 

where I is the unit tensor, p is the preasure. 

It is frequently convenient to neglect the rste of momentum of 
the solid phase. These simplifying assumptions allow to obtain 
approximate solutions in certain cases. 

The principle of conservation of angular momentum is gua.ran
teed, if the stress tensor is symmetric, i.e. 

If the stress tensor is symmetric, the following equation is 
not in:iependent of the eouation of motion: 

890 



SIAMOS-78. Granada (Espono) 

d 

fr x O< G cp ~ G v G d V = fr x [ /1 - ~ / ~ s is + 

V V 

+ O(F~5'F gF + O(Gcp~G gG1 dV + fr x [ /l - ½t ~S + 

/A/ 

Let the kinetic energy of an arbitrary volume V of the complex 
continuum 

J(/1 - ½ l'?s ) dV, 

V 

and let the deformation tensor 

Then the rate of change of kinetic energy is equa.l to the rate 
at which work is being done on the volume by extet'Ilal forces, 
diminished by a dissipation term involving the interoction of 
stress and deformation which is transformed into hect: 
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dV + dV + 

V V 

+ ()(G½ §G : ~G) dV = fi1 1 - if, l'?s is vs + CXF4> ~F gF VF+ 

V 

+ ,xG~ ~G iG vG l dV + /[; 1 - ½ I vs ~s + o< p4' vF ~F + 

/A/ 

This scala.r equation ca.n a.lso be written in differential form: 

2 
d VF 

+ot ½~ - I-I 
F F dt 2 

F 
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Finally the principle of conservation of total energy of n vo

lume V of the complex continuum can be written. Vie define the 

total enerey of a volume V as the sum of ib, kinetic enerey and 

its internel energy E. The thermodin~mical interpret'.cltion of 

the internal energy is different for compressible r-:,nd incnmr

ressible media. For a compressible material for ex'lmple g:;ses 

we assume that internal energy is e thermcd:rnamic r;ta.te vc>ri

able, which satisfies the following equa.tion 

1 
TdS = dE + p d /T/ 

where T is the absolute temperature, Sis the entropy per unit 

volume, p is the pressure. For incompressible materials the 

pressure is not a. thermodynamica.l variable, because the densi

ty is constant we obtain a simpler ec;uetion: 

TdS = dE 

The principle of conserv'J.tion of the totel energy st(;tes that 

the rate of increa.se of the total enflrgy of a m,iteri1;l volu:r•' 

Vis equal the rate at which work is being done on the volume 

plus the rate at which heat is conduct.)t'J. intc •-he v0}11me. 

d 
+-

V 2 
F I-
? 

V 

2 

/o<.G½~G Iv~ + EG/ dV = }1-½l-rs -:fs vs 
V V 
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+ o(G ½ vG !a 1 dA + J [As E.. s gra.d 'rs .._ '\.F E. F grad TF + 

/A/ 

Applying the divergence the0rem to the su-rfa.ce integrals we 

can get the differenti~l fcrm of the totsl energy equation, 

-referring to the unit volume of the complex continuum: 

d 
/1- il~s 

dts 

d 
+ o( G~~G -

dtn 
'J 

The b:,"ic equations of the dyn~mics of complex continua are 

discussed. 

The number of unknown variables is more in these equations 

thnn the number of independent scc,lar equa.tions. Thus we need 

further e~:uations to solve any problem. In general one may 

2d,1 oin to these er;uations a thermodinamical relation, the 

e:~u2..tion of ~tate: 
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p = f / ~, T/ • 

This equation may be different for gases, liquids or solids. 
The pressure and temperature dependence of density especially 
complex for multicomponent materia.la. With few exceptions, 
data are insufficient to make generalizations other than that 
methods sui ta.ble for pure materials ma.y be applied with a.pp
roximate results. 

The o, her necessary equaticn is the so-called constitutive 
equation. It means the relation between the stress tensor and 
other kinematic variables. The stress tensor governs the dyna
mic response of the medium, by relating it to other kinematic 
and thermodynamic variables we can define the type of medium 
with which we work. 

The most primitive form of the constitutive equa.tion refers 
to inviscid liquids or gases 

Stokes derived a constitutive equation applica.ble to fluids 
which exert appreciable tangential stresses: 

! = [ -p - *1 -12 ] + "fC. div v + ~ div v I 

+ 4 y s2 .. 
which is simpler for incompressible fluids: 

Here ~ is the viscosity, '\C.. , ,v:,,*, p" , ~ a.re further constants. 
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The most general constitutive equation is presented by Asszonyi. 
He derived the following equation based on Onsager's law: 

F =A· /V•v/ -
where A is the conduction tensor of momentum. Its matrix is -fourth-order, it has 34 

symmetric properties of 
elements in it. This is 

= 81 scale.r elements. Regarding the 
the tensor A, it has 21 independent -valid for perfectly anisotropic media. 

If the conductive terms are dominated in the tr~nsport of mo
mentum, the constitutive equation is the following 

F =.A·/Veu/ 
= = 

where -u is the displacement vector. 

The constitutive ecuation for the complex continuum can be the 
linear combina,tion the above two equations: 

Thus the system of basic equations is complete. It includes 

many special cases. 

If = o, c:,(F = 1, O(G = O, we get the equations for 

seeping flow through a rigid, porous media. The o<. F == O, 
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ex= 1 case refers to the seepage of the gas. Allowing that 
8 

I O, the equations of consolidation can be derived. 

The basic equation of hydraulic and pneumatic transport also 
can be deduced from this ba.sic equation system. 

We have the intention to introduce a general fenomenolqgical 
treatment for the multicomponent systems based on continuum 
mechanics. We hope a better understanding of this very impor
tant topics for the practice of mining. 
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